Given a finite Abelian group A and an integer t, 1 ≤ t ≤ A − 1, a subset S of A is called a t-sum generator of A if every element of A can be written as the sum of exactly t distinct elements of S. In this paper we investigate the minimal integer M(t, A) such that every set S ⊆ A of size S > M(t, A) is a t-sum generator of A. The value of M(t, A) is completely determined for groups of even order. 
I. INTRODUCTION
Let A be a finite (additive) Abelian group. Let S be a subset of A and let t be an integer in the range 1 ≤ t ≤ S . We define the t-span of S, denoted by L(S, t), as the set of all elements of A which can be obtained as a sum of exactly t distinct elements of S. A subset S of A is called a instance [1] [4] [5] .
t-sum generator of A if L(S, t) = A. Let M(t,
A
The values of M(t, A)
can be applied to construct certain sub-classes of maximum-distanceseparable (in short, MDS) codes [8, Ch. 11] . The relationship between M(t, A) and these constructions is better described in terms of the following counterpart of a t-sum generator: given an element δ ∈ A, a set S ⊆ A of size m is called an (m, t, δ )-set in A if δ ∈ / L(S, t). Hence, given t, the largest (m, t, δ )-set in A will have M(t, A) elements. In [9] , the authors present a construction of special MDS codes of length m + 2 and dimension t + 1 over a finite field GF(q), employing (m, t, δ )-sets in the additive group of GF(q). The distinction of these codes is that they are not of the generalized Reed-Solomon type, the prevailing type of MDS codes. In [6] , (m, t, δ )-sets in certain Abelian groups are used to construct MDS codes of length m and dimension m − t on an elliptic curve having A rational points.
II. BASIC RESULTS
We begin with several results valid for all finite Abelian groups. We consider nontrivial groups of order greater than one.
First, we recall some basic facts. For any integer n ≥ 2, denote by Z n the ring modulo n. 
In the sequel we shall consider in particular groups of the form Z h p where p is a prime.
Every element in such a group is associated with an h-dimensional vector over Z p and every sub- 
The following lemma presents a case in which M(t, A, δ ) is constant for all δ ∈ A, includ-
Proof. Assume gcd(t, A ) = 1. Let δ 1 and δ 2 be two distinct elements of A and let S 1 ⊆ A with m = S 1 . Consider the set 
.
Proof. Given a prime power n and an element a ∈ Z n , the number of distinct solutions in Z n of the equation 2x = a is one when n is odd; two if both n and a are even; and there are no solutions if n is even and a is odd. Assume now that s = 0. In this case, the set X = { x x ∈ A and 2x = δ } is of size 2 h 2 .
Here S may contain any element of X and, in addition, one element from each pair
This bound can be attained by choosing δ so that s = 0 (say, δ = 0).
In particular, when
Lemma 2.4. Let A be a finite Abelian group. Then, for every 2 ≤ t ≤ A − 1,
Lemma 2.5. Let A be a finite Abelian group. Then,
Proof. When A is odd, the lemma is a direct corollary of Lemmas 2.3 and 2.4. Assume now that the first elementary divisor of A is even and suppose S is an (m, 3, δ )-set in A with
, there exists α ∈ S such that δ − α has an odd leading component. As no two distinct elements in S − {α } sum to δ − α , it follows, as in the proof of
Lemma 2.6. Let A be a finite Abelian group and, for a given integer s,
Proof. Suppose M(t, A)
contradicting our assumption on t. The inequality in the other direction follows from Lemma 2.2 and the fact that M(s, A) ≥ t + s > s.
Theorem 2.1. For any finite Abelian group
where h 2 is the number of even elementary divisors of A.
Proof. This is a direct corollary of Lemma 2.3 and Lemma 2.5, obtained by substituting s = 1 and s = 2 in Lemma 2.6.
In particular, we hav e M( A − 2, A) = A − 1 for all finite Abelian groups A except when
The following lemma will be used in the next section to determine the exact value of M(3, A) for even-order groups A.
Lemma 2.7. Let S be a subset of a finite Abelian group A and let m Δ = S . (a) If m is an odd integer greater than 1, then L(S, 2) ≥ m. (b) If m is an even integer greater than 2 and the number of elements α ∈ A satisfying
No element of L(S, 2) can be obtained in more than ⎣m/2 ⎦ ways as the sum of two distinct elements of S. Enumerating over all ( m 2 ) possible pairs in S, we obtain at most l ⋅ ⎣m/2 ⎦ values (not necessarily distinct), implying
is the sum of more than m/2 pairs in S. Furthermore, according to our assumption, there exist at most m − 2 elements β ∈ L(S, 2) which are the sums of exactly m/2 pairs in S; these elements satisfy (m/2)β = σ (S). We thus have,
In particular, when S > 2 and gcd( S , A ) = 1, we have L(S, 2) ≥ S .
III. ABELIAN GROUPS OF EVEN ORDER
In this section we prove the following theorem:
Theorem 3.1. Let A be a finite Abelian group of even order ≥ 12. Then, for
Remark 3.1. We hav e excluded the case A = Z 10 and t = 3, where we have M(3, Z 10 ) = 6; S(3, Z 10 , 0) = {2, 3, 4, 6, 7, 8}.
Throughout this section we assume A to be an even-order Abelian group and, without loss of generality, we may assume that A is isomorphic to Z n 1 × Z n 2 × ... × Z n h where n 1 is even. For each such group we define the binary partition A = A 0 ∪ A 1 by
Clearly,
The following lemma establishes the desired lower bound on M(t, A) for even-order groups.
Lemma 3.1. Let A be a finite Abelian group of even order. Then, for (ii) Using (i), we show that Theorem 3.1 holds for all Abelian groups of order 2r, where r is an odd integer ≥ 7.
Proof. For odd t, A 1 is a (
(iii) We prove the upper bound on M(3, A) for all Abelian groups by induction on the power of 2 in the prime factorization of A , using (i) as the induction base.
(iv) Finally, we complete the proof of Theorem 3.1 using (ii) as the induction base.
Given an even-order Abelian group
and the projection φ : A → A by
Note that when n 1 = 2, φ is a homomorphism from A onto A. For any u ∈ A, φ −1 (u) stands for the set of two elements in A whose image under φ is u. Also, for any T ⊆ A, T stands for the set of (distinct) images of T under φ . 
Given an even-order group
S = m 0 + m 1 ≤ m 0 + L(S 1 , 2) ≤ m 0 + r − m 0 = r .
Lemma 3.3. Let A be a finite Abelian group of order 2r, where r is an odd integer ≥ 7.
Then, for 3 ≤ t ≤ r − 2,
Proof. By Lemmas 2.2 and 3.2, it suffices to cover only the range 4 ≤ t ≤ r + 1 2 . Let S be a subset of A of size r + 1 and let S 0 ∪ S 1 be the binary partition of S.
we have S 0 ∩ S 1 ≥ 1. Now, choose any δ ∈ A. We will show that for 4 ≤ t ≤ r + 1 2 we have δ ∈ L(S, t).
. Let u ∈ S 0 ∩ S 1 and let T 1 be a subset of S − φ −1 (u) such that
we hav e 1 ≤ t − 3 ≤ r + 1 − ( r + 3 2 + 2) and, therefore, we can find a subset T 2 ⊆ S − φ −1 (u) − T 1 of size t − 3. Applying Lemma 2.3 to T 1 as a subset of A, we conclude that T 1 must contain two distinct elements summing to δ − σ (T 2 ) − α for some α ∈ φ −1 (u). Hence, the set T 1 ∪ T 2 ∪ {α } contains a subset of size t which sums to the chosen δ .
Case 2. S
Since 4 ≤ t ≤ r + 1 2 , we hav e 2 ≤ t − 2 < r + 1 − r + 3 2 and, therefore, we can find a subset T 2 of S − T 1 containing t − 2 elements such that 2σ (T 2 ) ≠ δ . Applying Lemma 2.3 to T 1 as a subset of A, there exists a pair P of distinct elements in T 1 satisfying σ (P) + σ (T 2 ) = γ ∈ φ −1 (δ ). Noting that T 2 ⊆ T 1 , with T 2 ≥ 2 and P ≠ T 2 , we can find two elements, v 1 ∈ T 1 − P and v 2 ∈ T 2 , such that v 1 = v 2 . Thus, if γ ≠ δ , replacing v 2 ∈ T 2 with v 1 will result in σ (P) + σ (T 2 ) = δ . Thus we obtain a set P ∪ T 2 of t elements summing to δ . Assume now that for every w ∈ A there exists a multiset V of t − 2 ≥ 2 elements of S 0 satisfying conditions (a) and (c). Also suppose, to the contrary, that there exists an element z ∈ A for which there exists no multiset of size t satisfying (a), (b) and (c). Let U 0 be a subset of t − 3 (distinct) elements of S 0 such that 2σ (U 0 ) ≠ z (this condition is required to cover the case t = 6).
and assume, without loss of generality, that
Also, when t = 4, we denote by P 0 the pair forming one of the sets U i (if any) satisfying the equality 2σ (P 0 ) = z. Let P be a pair of distinct elements from S 0 , not belonging to π = {P j } t−3 j=0 . It is easy to verify that for every such pair P, if the multiset P ∪ U i , 1 ≤ i ≤ m, satisfies condition (c), it also satisfies conditions (a) and (b). Therefore, by our contrary assumption we must conclude that for every P ∈ / π and every i,
Hence, there exist at least ( 
In either case we obtain
which, of course, is a contradiction. Then,
Proof. As indicated above, the proof is carried out by induction on k in A = 2 k ⋅ r, with Assume that k ≥ 2 and suppose, to the contrary, that there exists a (
Let S 0 and S 1 be the subsets of the binary partition of S, of sizes m 0 and m 1 , respectively. As in Let l be the number of even elementary divisors of A. Since our contrary assumption implies L(S 1 , 2) ≠ A, it follows from Lemma 2.3 that
Now, the number of "even" elements in A is A /(2 l ), and it is easy to check that
we hav e 2 l < A . Therefore, when l > 1, for every u ∈ A there exists at least one element v ∈ S 0 such that u − v is "odd" in A.
Finally, if l = 1, it remains to check only the case m 0 = A 4 and
It is easy to verify that the conditions of Lemma 2.7 hold in this case for S 1 as a subset of A and, therefore,
On the other hand, by our contrary assumption, no two distinct elements in S 1 may sum to any of the elements in { δ − α α ∈ S 0 }, implying 2 ). Thus the sum of elements of a 
Lemma 3.5. (a) Every
As before, without loss of generality, we assume δ ∈ A 0 .
We distinguish now between several cases. 
